In this paper, we present generalization of matching extensions in graphs and we derive combinatorial interpretation of wide classes of orthogonal and q-orthogonal polynomials. Specifically, we assign general weights to complete graphs, cycles and chains or paths defining matching extensions in these graphs. The generalized matching polynomials of these graphs have recurrences defining various orthogonal polynomials-including classical and non-classical ones-as well as q-orthogonal polynomials. The Hermite, Gegenbauer, Legendre, Chebychev of the first and second kind, Jacobi and Pollaczek orthogonal polynomials and the continuous q-Hermite, Big q-Jacobi, Little q-Jacobi, Al Salam and alternative q-Charlier q-orthogonal polynomials appeared as applications of this study.
Introduction
The orthogonal polynomials, say R n (x) , are defined by the recurrence relation R n+1 (x) = (a n+1 x + b n+1 )R n (x) − c n+1 R n−1 (x) , n = 0, 1, 2, . . . , R −1 (x) = 0, R 0 (x) = 1 (1) in which a n = k n+1 k n , b n = a n (r n+1 − r n ), c n = a n h n a n−1 h n−1
where k n is the nth order leading coefficient of R n (x), r n =k n−1 /k n and h n = The q-classical orthogonal polynomials, say R n (x; q), where 0 < q < 1, satisfy the recurrence relation R n+1 (x; q) = (x − d n )R n (x; q) − g n R n−1 (x; q), n = 0, 1, 2, . . . , 
where h (see Lewanowicz [9] and Medem et al. [10] ).
From the recurrence relation (1), the following representation of orthogonal polynomials is derived: Note that analogous representation also holds for the q-orthogonal polynomials.
Combinatorial interpretation of orthogonal polynomials using matchings in graphs has received much attention by several authors over the last two decades. Among them we refer to Feinsilver et al. [4] , Godsil [5] , Godsil and Gutman [6] , Viennot [12] , and Heilmann and Lieb [8] .
Let G be a simple graph on n vertices with vertex labels 1.n, having edge weight W (i, j) a non-negative real number for each unordered pair of vertices i, j , i = 1, 2, . . . , n, j = 1, 2, . . . , n, i < j and vertex weight w i , i = 1, 2, . . . , n. Also, let M be a matching of G consisting of disjoint edges pairwise having no vertex in common. Then the weight of M, say W G (M), is defined by
and the corresponding generating function in n variables including the vertex and edge weights is defined by
with |M| the number of edges in M, summing over all matchings M of G.
In this paper, we present generalization of matching extensions in graphs and we provide combinatorial interpretation of wide classes of orthogonal and q-orthogonal polynomials. Specifically, we establish relations of the generating functions of matching extensions of complete graphs, paths and cycles with orthogonal and q-orthogonal polynomials. As applications the Hermite, Gegenbauer, Legendre, Chebychev of the first and the second kind, Jacobi and Pollaczek orthogonal polynomials, the continuous q-Hermite polynomials and the Big q-Jacobi, Little q-Jacobi, Al Salam and alternative q-Charlier q-classical orthogonal polynomials appeared.
Main results

Generalization of matching extensions in graphs-combinatorial interpretation
Complete graphs
Let K n be a complete graph on n vertices with edge weight W (i, j) = 0 and i, j = 1, 2, . . . , n, i = j and with vertex weight w i , i = 1, 2, . . . , n. Note that w i and W (i, j) are bounded sequences in i, j ; i, j = 1, 2, . . . . Setting
where |M| the number of edges in M, we prove the following proposition.
Proposition 2.1. K n satisfies the recurrence relation
with initial conditions K −1 = 0 and K 0 = 1, where K Proof. The proof of the recurrence is based on the principle of inclusion-exclusion since the inclusion of an edge in a matching set of a complete graph implies the exclusion of all the edges adjacent to it. Let M be a matching of the complete graph K n+1 . Either M does not contain the edge n, n + 1 or it does. Every case where the edge n, n + 1 is not in M corresponds to some matching on n vertices with the additional factor of w n+1 since the (n + 1)th vertex is in none of them. On the other hand, in all matchings including the edge n, n + 1 , removing it leaves all the matchings derived by the n − 1 vertices i 1 , i 2 , . . . , i n−1 with the removal of each edge i n , n + 1 contributing a minus sign times the weight of this edge, that is, W (i n , n + 1).
Using the recurrence relation (6) of the above proposition we have K 1 =w 1 which agrees with the scheme, since the only matching of the single vertex K 1 is the empty one with weight w 1 . Similarly, we have K 2 = w 1 w 2 − W (1, 2), since the complete graph K 2 has two matchings, the empty one with weight w 1 w 2 and the matching containing the single edge 1, 2 with edge weight W (1, 2).
j W (j, n + 1) = c n /w n , where a n , b n are bounded sequences in n given by (2) and
where Proof. We use induction over n, n = 2, 3, . . . . By our assumptions on a n , b n and c n we have that K 2 = R 2 (x) and K 3 = R 3 (x). Next we suppose that it holds for n and we will prove it for n + 1. By induction and (5) the recurrence relation (6) becomes
Using (7) the recurrence relation (8) becomes
By the expression of orthogonal polynomials as a determinant derived by (1) the last relation (9) becomes
Remark 2.1. By Corollary 2.1 we provide combinatorial interpretation of a class of orthogonal polynomials by identification with a wide class of generating functions of matchings in complete graphs. The Hermite orthogonal polynomial appears as an application below.
Paths-cycles
Let L n be a path on n vertices with edge weight W (i, j) > 0 when |i − j |=1, W (i, j)= 0 otherwise and with vertex weight w i , i = 1, 2, . . . , n. Note that w i and
where |M| is the number of edges in M, we prove the following proposition. 
with initial conditions L −1 = 0 and L 0 = 1.
Proof. Let M be a matching of the path L n+1 . Then either M does not contain the edge n, n + 1 or it does. Since the inclusion of an edge in a matching of a path implies the exclusion of the two edges adjacent to it, we have the recurrence relation (11) by using the principle of inclusion-exclusion as in Proposition 2.1.
Remark 2.2.
Setting in (11) vertex weight w n =a n x −b n and edge weight W (n, n+1)=c n , where a n , b n and c n are bounded sequences in n given by (2), and comparing (11) with (1) we have the widest class of generating functions of matchings in paths identified with orthogonal polynomials. The Gegenbauer, Legendre, Chebychev of the second kind and Jacobi classical orthogonal polynomials as well as the non-classical Pollaczek orthogonal polynomial appeared as applications below. C n = P (C n ; w 1 , w 2 , . . . , w n )
using the principle of inclusion-exclusion and working similarly as in Proposition 2.2 we have the following proposition.
Proposition 2.3. C n satisfies the recurrence relation
with initial conditions C −1 = 0 and
is the generating function of a path on the k vertices i 1 , i 2 , . . . , i k .
Remark 2.5.
If w n = a n x − b n , W (n, n + 1) = c n and W (1, n + 1)= a n h n /a 1 h 1 , where a n , b n and h n are bounded sequences in n given in (2), then
By (14) and Remark 2.2 a relation of orthogonal polynomials with the generating functions of the matchings in cycles is feasible. The Chebychev orthogonal polynomial of the first kind with the second kind appears as an application below.
Applications
Hermite polynomials
Let K n be a complete graph on n vertices with edge weight
where c a positive constant and vertex weight w i = a i x − b i , where
From Corollary 2.1 and relation (7) we have that the generating function of the matchings of the above complete graph, say K H n , is an orthogonal polynomial satisfying the recurrence relation 
Gegenbauer polynomials
Let L n be a path on n vertices with edge weight
and vertex weight w i = a i x − b i , where
with > − 
with initial conditions L −1 (x) = 0 and L 0 (x) = 1 (see Erdélyi et al. [2] ). Note that for = 
Chebychev of the first kind
Let C n be the cycle on n vertices with edge weight 
By Remark 2.5 the generating function of the matchings of this cycle, say P n , is interrelated with the orthogonal polynomial L n which appeared in Remark 2.2 as
with initial conditions P −1 = 0 and P 0 = 1. This is the well-known interrelation between the classical Chebychev polynomials of the first and second kind (see Erdélyi et al. [2] ).
Jacobi polynomials
Let L n be the path on n vertices with edge weight
with > − 1 and > − 1 (a i , b i bounded over i).
By (11) the generating function of the matchings of this path, say L , n , is an orthogonal polynomial satisfying the recurrence relation 2(n + 1)(n + + + 1)(2n + + )L ( , ) n+1 (x) 
Pollaczek polynomials
By (11) the generating function of the matchings of this path, say L
, , n
, is an orthogonal polynomial satisfying the recurrence relation
with initial conditions L , , 
The recurrence relation (19) defines the well-known singular behaved non-classical Pollaczek orthogonal polynomials as L , , n (see Erdélyi et al. [2] ). Note that for = = 0, we have the Gegenbauer polynomials.
q-Classical orthogonal polynomials: Big q-Jacobi, Little q-Jacobi, Al Salam and alternative q-Charlier
The q-classical orthogonal polynomials Big q-Jacobi, Little q-Jacobi, Al Salam and alternative q-Charlier satisfy the recurrence relation (3) with d n and g n given in the next table, respectively. Note that for the definitions of , r, A, B, a and b one can refer to [9, 10] .
Let the paths on n vertices with edge weights W (i, i + 1) ≡ d i and vertex weights w i = x − g i , where the sequences d i and g i are given, respectively, in Table 1 By (11) the generating functions of the matchings of these paths are the above-defined q-classical orthogonal polynomials.
Continuous q-Hermite polynomials
The continuous q-Hermite polynomials, say R H n (x|q), are q-extensions of the classical Hermite polynomials having continuous weight functions and satisfy the recurrence By (11) the generating function of the matchings of this path is the continuous q-Hermite polynomial.
